A necessary and sufficient condition for the solvability of AX-XB=C was given by W. E. Roth for finite matrices and by M Rosenblum for selfadjoint operators A and B on a Hilbert space. Here the result is extended to include normal operators and finite rank operators on Hilbert space.
l Introduction* In [6] W. E. Roth proved for finite matrices over a field that AX -XB = C is solvable for X if and only if the matrices Q D and Q # are similar. A considerably briefer proof has been given by Flanders and Wimmer [4] , In [5] Rosenblum showed that the result remains true when A and B are bounded selfadjoint operators on a complex, separable Hilbert space. In the present paper the theorem is extended to include finite rank operators and normal operators on Hilbert space. We give an example to show that normality cannot be weakened to quasinormality. Finally, when A = B the following is true, even in the absence of normality: if Q A and Li are similar, then C is a commutator. 
2.
The lemma shows that SS* + 2Ύ* is invertible. Since the inverse commutes with I?, we arrive at C = AX -XB for X = -(QS* + RT*)(SS* + ΓΓ*)-1 , and the proof is complete.
This theorem does not hold for all operators. The following example, similar to one given in [5] , shows that the normality hypothesis cannot even be weakened to quasinormality. Let A=Z7, the unilateral shift, B = 0, and let P = I -UU*. Then we have the similarity
but clearly for no X does I = UX -X0. Not surprisingly, the order of the diagonal entries is critical. The theorem holds for A = 0 and B = U, because
Later we will see that the theorem is true for A = B = U, as well.
In spite of the example given above, the normality hypothesis can be weakened somewhat. For example A and B need only be similar to normal operators, as can be seen from the next theorem. for all natural numbers w. Also
for all λ and n, A x and B x are similar. THEOREM 
Let A and B be finite rank operators on complex Hilbert spaces. Then AX -XB = C has a solution X if and only
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A 0 is β I is similar to L* β Proof. Observe that each finite rank operator A on a Hubert space έ%f is unitarily equivalent to one of the form Λ * Λ where A 1 operates on a finite dimensional space. Simply write < §ίf as 3tf[ Θ ^t where gίf^ is finite dimensional and contains the ranges of A and A*. In light of Theorem (2i) we may assume that A and B are already in this form. Then the assumption that π n is VA CΊ •--similar to L β\ becomes In general, while similarity of L> . and Λ j need not imply that G is a commutator in the range of Δ A , it is true that C must be some commutator. Finally suppose dim Sίf > £ζ 0 . Then again the noncommutators are those of the form Xl + K where λ Φ 0 and K belongs to a certain proper closed ideal [2; Theorem 4] . The preceding argument with obvious modifications handles this case as well, and the proof is complete.
